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Random Walks on Periodic and Random Lattices. II.

Random Walk Properties via Generating Function
Techniques
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We investigate the random walk properties of a class of two-dimensional
lattices with two different types of columns and discuss the dependence of
the properties on the densities and detailed arrangements of the columns.
We show that the row and column components of the mean square dis-
placement are asymptotically independent of the details of the arrangement
of columns. We reach the same conclusion for some other random walk
properties (return to the origin and number of distinct sites visited) for
various periodic arrangements of a given relative density of the two types
of columns. We also derive exact asymptotic results for the occupation
probabilities of the two types of distinct sites on our lattices which validate
the basic conjecture on bond and step ratios made in the preceding paper
in this series.

KEY WORDS: Random walks; periodic lattices; random lattices;
generating function techniques.

1. INTRODUCTION

This is the third in a series of papers on random walks in a class of lattices
that might serve as models for the study of transport properties in a variety
of anisotropic and disordered systems. We consider two-dimensional lattices
in which the transition probabilities may be different for sites lying in
different columns. A special case of our model, already analyzed in detail in
Refs. 1 and 2 (hereafter referred to as A and B) is one in which the walker
can always step to nearest neighbor sites in any row but can step to nearest
neighbor sites in a column only for certain specified columns. In this paper we
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allow the walker to step vertically as well as horizontally on any column, but
we distinguish between two types of columns. The details of this distinction
are described in Section 2.

There are three important questions that arise when one considers these
two-dimensional lattices:

1. For a given spatial arrangement of the two types of columns, what is
the dependence of random walk properties on the relative density of
the columns and the detailed characteristics of each type of column?

2. For a given relative density of the two types of columns, how do
random walk properties depend on the detailed arrangement of the
columns?

3. Is it possible to define an anisotropic, translationally invariant lattice
for which certain random walk properties of physical interest are
identical to those of the lattices we consider?

The specific random walk properties that we consider in answering these
questions are the mean square displacement, the probability of return to the
origin, and the distinct number of sites visited, in # steps. The first of these
is treated in Section 3. For this property we are able to answer the questions
posed above completely because we are able to calculate the mean square
displacement for any arrangement of columns. For the probability of return
to the origin and the distinct number of sites visited we provide a partial
answer to the questions posed. This is done in Section 4. We conclude in
Section 5 with a result for the asymptotic behavior of the random walk that
provides a simple interpretation for some of the results obtained here and for
some conjectures made in B.

2. THE MODEL

Consider a random walker on a two-dimensional lattice of g rows and
m columns with N = myg sites. In this lattice we distinguish between lattice
points that lie on “strong” columns (indicated by a double vertical line in
Fig. 1) and those that lie on ““weak” columns (indicated by a single vertical
line on Fig. 1). From a lattice point lying on a weak column, the walker can
step with probability p, to either nearest neighbor in the horizontal direction
and with probability p, to each vertical nearest neighbor, with 2p; + 2p, = 1.
From a lattice point lying on a strong column, the nearest neighbor transition
_probabilities are p; — € and p, + ¢ in the horizontal and vertical directions,
respectively. These transition probabilities are shown in Fig. 1. An isotropic,
translationally invariant, two-dimensional lattice is recovered if we set e = 0
and p, = p; = 1. The ““sparse” lattices considered in A and B correspond
to the choice p, = 0 and thus p; = 3. We shall indicate the density of strong
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Fig. 1. Section of a two-dimensional lattice
with weak (single line) and strong (double
line) columns. The transition probabilities at
a typical lattice point on each type of column
are indicated.

columns by «; e.g., if there is one strong column for every &k — 1 weak
columns, then « = 1/k.

In this paper we will consider three types of arrangements of strong and
weak columns. In the simplest arrangement, which we call ““singly periodic,”
every kth column is strong and the other columns are weak. This arrangement
is illustrated in Fig. 2a. In the “clumped periodic” arrangement there are »
adjacent strong columns followed by (k — 1)r weak columns, so that the
density of strong columns is still «. This arrangement is shown in Fig. 2b.
The third arrangement consists of a random distribution of strong columns
among the weak columns in such a way that the density of the former is
still «.

3. MEAN SQUARE DISPLACEMENT

One of the important measures of the anisotropy of transport properties
in our periodic and random lattices is the difference in the mean square
displacements along the rows (x direction) and the columns (y direction).
We denote the mean square displacement in the x direction after n steps by
{x,%> and in the p direction by {»,2>. In this section we derive explicit
asymptotic (large-n) expressions for ¢x,?> and for the total mean square
displacement {x,2> + (3,2 from which {y,2> can then be readily obtained.

Regardless of the arrangement and density « of the strong columns and
the relative strengths of the columns, the total mean square displacement for
symmetric nearest neighbor walks is given by

<ln2> = <xn2> + <yn2> =n (31)
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To show this, we begin with the-equation satisfied by the probability P,(/ [15)
that the walker is at site / after » steps, having started at site /,,

Py(l|l) = > a(l, 1P, _y(I'|I) (3.2
<
Here a(l, I') is the transition probability from site /' to site / in one step.
For the walks considered here, a(/, ') is nonzero only for |/ — /'| = 1. The
mean square displacement is
B2 =D (1~ 1P|l (3.3)
i

To obtain an equation for it we multiply (3.2) by (/ — ,)* and sum over /.
This gives
A2 = Z Z (I = LYa(l, 1P, (]|l (3.4)
[

On the right side of (3.4) we write (I — )2 as (I — I + (I' — L,)® +
2(1 — I"y-(I' — Iy). The first term yields

Z 2= 1), )P,y (I']l) = ZPn_l(l’llo) =1 (3.5
The third term gives
23 >0 = 1) = Ial, 1P, _y(')le) = 0 (3.6)

where we have used the fact that for a symmetric walk 3, (/ — [)a(l, /') = 0.
The second term gives

> lz (" = Ly*a(l, )Py, (I']ly) = Z (" = LYP,_o(I'l) = E-yy (37

Collecting (3.5)~(3.7) in (3.4) leads to
G =1+ B (3.8)

and since </;*>)> = 1, we immediately obtain (3.1) as the solution of the above
difference equation.

It is of great interest to determine whether the components {x,?> and
{y.%> of the mean square displacement depend on the detailed arrangement
of strong and weak columns or whether it is only their density that matters.
In B it was conjectured that the density of strong columns completely deter-
mines the asymptotic behavior of (x,*> and {y,?>. We here prove this
conjecture to be correct.

In A it was shown that an equivalence between the asymptotic behavior
of the components of the mean square displacement of a sparsely periodic
lattice and an anisotropic, translationally invariant lattice can be established.
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Fig. 3. A section of a two-dimensional lattice with weak and strong columns and its
projection onto a one-dimensional lattice. A x denotes a weak partial trap with stepping
probabilities p; and pausing probability 2p.. A circle denotes a strong partial trap with
stepping probabilities p; — ¢ and pausing probability 2p, + 2e. The pausing prob-
abilities for the projected random walk correspond to the column stepping probabilities
for the random walk on the two-dimensional lattice.

We here generalize this result in two ways. We consider a more general class
of lattices than those considered in A and we make this identification for
lattices with random as well as periodic distributions of strong columns.

As discussed in A for the sparsely periodic lattice, the projection of the
two-dimensional walk on the x axis is a symmetric, one-dimensional random
walk with “partial traps.” By ‘“‘partial traps’ we mean sites at which the
walker can pause with a finite probability at every step. In the lattices we
consider here, the pausing probabilities at the partial traps (which we shall
call their strengths) and their location depend on the distribution of weak
and strong columns in the original two-dimensional lattice. This is illustrated
in Fig. 3.

3.1. Singly Periodic Distribution of Strong Columns

Consider the two-dimensional lattice in which every kth vertical column
is strong and the other columns are weak (see Fig. 2a). The corresponding
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one-dimensional system has a strong partial trap every k sites and weak
partial traps at all other sites. Since the distribution of strong partial traps
is periodic, the overall system is periodic and one can find the mean square
displacement <{x,?> using standard Fourier transform and defect tech-
niques.®#% The calculation is carried out in Appendix A and the asymptotic
(large-n) results are
2p,
(X% ~ TR a— E)n (3.93)

oy . 2P2 + a€/(py — €
yn™ T+ wel(p; =9 n (3.9b)

independent of initial condition, where {y,2> is obtained from (3.9a) and
(3.1). Note that these results reduce to those of B when p; = L and p, = 0
and to those of A when one further sets e = .

It is instructive to compare (3.9) to the corresponding mean square
displacement results for a translationally invariant, anisotropic, two-dimen-
sional lattice, i.e., a lattice in which all sites are identical but the probabilities
of stepping in the +x direction (p,") and in the +y direction (p,)) are
different (p,” # p,"). For such a lattice one readily obtains asymptotically

> ~ [pd [(py + p)n (3.10a)
yn?> ~ [ (pd + )] (3.10b)

The results (3.10) for the translationally invariant lattice and (3.9) for our
periodically disordered lattice are identical if we make the identifications

r P
P = I T ael(p = wel(pr = <) (3.11a)
r_ D2 + 056/2(171 - E) (3.11b)

P2 = T wel(p, — o

We will show later that with this same identification, other random walk
properties are also identical for the periodically disordered and the trans-
lationally invariant anisotropic lattices.

3.2. Random Distribution of Strong Columns

We now treat a two-dimensional lattice in which the strong columns are
distributed at random with a density «, i.e., on the average one out of every
k columns is strong. The corresponding (projected) one-dimensional system
has a density « of strong partial traps which are randomly distributed, and a
density 1 — « of weak partial traps. Since this system is not periodic, standard
Fourier transform methods cannot be applied in any simple way to find the
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mean square displacement of a walker on this system. We thus proceed in a
somewhat different manner. The probability that the walker is at site / after
n steps, having started the walk at site /,, satisfies the equation

Po(l]lo) = Zp(l, VP (I']l) + Zq(l, I)P 1 (') (3.12)

where
L1 = pi 81y + 202 00 (3.13a)
g, ') = 52{281',1,-81,1' - 81’,1,31+1,1' - 51',1,51—1,1'} (3.13b)
]

Here p(/, ") is the transition probability from site /’ to site / in a regular
one-dimensional lattice in which the probability of stepping to a nearest
neighbor is p, and the probability of remaining at a site is 2p,. The defect
matrix g(/, ') represents the modification in the transition probabilities due
to the strong partial traps. At these sites, denoted by {/}, the transition
probability to nearest neighboring sites is [p(/; + 1,1) + g(/; + 1,])] =
p, — € and the probability [p(/;, ;) + q(i;, )] of remaining at site /; is
2py + 2e.

We define the generating function® for our random one-dimensional
lattice as

G = S 7PN (3.14)

The equation satisfied by this generating function is found from (3.12) by
multiplying by z* and summing over #:

Gu(®) = 2 [p( 1) + q(, 10]Gine(2) + 81 (3.15)

T

The generating function G (z) can be expressed in terms of the generating
function Uy (2) of the regular (e = 0) lattice as

Gy (2) = Uyy(2) + Zz Un(2)F1,(2) (3.16)
where )
o) = {1222 = 10— 2 = Copypeyi
x [(1 = 2zpp)* — (2zp1)*] 712 (3.17)
and

Fry(2) = qu(l s 1)Gg(2) (3.18)
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We introduce the Fourier transform f,o(gb, z) of an arbitrary function f;; (2)
by the definition

0

fl D= 3 fu@et o REERT)
The Fourier transform of Eq. (3.16) then is
GAlo(qu z) = ﬁzo((f’, z2) +z z e o? Z U”,(Z)Fmo(z) (3.20)
{ v

The generating function for the mean square displacement as defined in Eq.
(A8) of Appendix A is then given by

X(Z) 3¢2 Gzo(‘}‘ Z)'lb 0 (321)

and the mean square displacement (x,?> = </,2> is the coefficient of z* in
the expansion of X(z) in powers of z.

In Appendix A we point out that for large n the main contribution to
{x,?> comes from the coefficient of 1/(1 — z)? in an expansion of X(z) in
powers of (1 — z). To obtain the asymptotic mean square displacement it is
thus sufficient to evaluate (3.21) explicitly to order (1 — z)~2% From (3.17)
it can directly be seen that the contribution of the regular lattice portion of
(3.20) to (3.21) 1s

2
a¢2 O, oo = r g + 00 = 27 (3.22)
The contribution due to the strong par’ual traps can be expressed as
2 z
-3 ¢2 z z g1 2 Uid2) Fyie@ gm0 = — 7 z G(2)  (3.23)

The sum 2, G,;(2) is considered in detail in Appendlx B. We there obtain
the result

_ D1
IZIG% R s s 0(1) (3.24)

Combining the results of (3.20)-(3.24) finally yields

1 2p,
T = 2P T+ aclp, — 971
Using Darboux’s theorem,”® we then obtain

X(2) = +0( —2)°* (3.25)

2p,

2 . < S 3.26

<x7l > 1 + (xe/(pl . €) ( )
Equation (3.26) is identical to Eq. (3.9a). We have thus established the

important result that the asymptotic mean square displacements in the x and y

directions are independent of the arrangement of strong and weak connections

and depend only on their density.
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4. PROBABILITY OF RETURN TO THE ORIGIN AND
NUMBER OF DISTINCT SITES VISITED

Two properties that are of interest in random walk models are the
probability P,(l,|/;} of return to the origin /, in » steps and the number S,
of distinct sites visited in » steps. The former is closely related to a quantity
that is of considerable experimental interest in the study of disordered
materials, namely, the probability for an excitation or electron originally
located at site /[, to be at the site at a later time 7.® The second property, S,
is of experimental interest in problems involving traps, since in some cases
time-dependent trapping probabilities can be related to S,.”

1t is clearly of interest to determine the dependence of these properties
on the arrangements of weak and strong columns. For this purpose it would
be desirable to obtain P,(ly]l;) and S, for arbitrary arrangements. Unfor-
tunately, we have been unable to carry out analytic calculations for random
arrangements of strong columns. We have, however, been able to obtain
results for a variety of periodic arrangements of columns. These results are
generalizations of those obtained in A. We find that for a particular class of
periodic arrangements the properties P,(I,|/,) and S, in fact do not depend on
the details of the arrangements but depend on/y on the density of strong and
weak columns. This is in accord with the conjecture made in B. The further
conjecture made there, that this independence of the details of the arrange-
ments also holds for random ones, must remain a conjecture at this time.

We shall also show that one can identify an anisotropic, translationally
invariant lattice with each lattice considered here in such a way that the
P, (l,]1,) as well as the S, for both these lattices are asymptotically identical.
Furthermore, this identification is the same as that made via the components
of the mean square displacement in Section 3.

It should be noted that if one could produce a proof for the conjecture
made in B that P,(/;|/,) and S, only depend on the density « of strong columns
even for random arrangements of such columns, then the whole apparatus of
the generating function technique for translationally invariant, anisotropic
lattices® could be used to obtain these random walk properties for lattices
with random arrangements of strong columns.

It is important to note that the two properties that we deal with here are
obtained from the same generating function. We will evaluate the necessary
terms of this generating function for two different arrangements of strong
columns, namely, for the singly periodic and for the clumped periodic
arrangements discussed in Section 2.

The labeling of sites that we choose to use is shown in Fig. 4. The lattice
site (7, j) in the ith row and jth column is indexed (: — 1)m + j, where
1 €i<gandl €j< m;qisthe number of rows and m is the number of
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Fig. 4. Labeling of lattice sites.

columns of the lattice. For computational convenience we impose periodic
boundary conditions on the rows (i.e., sites in the gth row are nearest neighbors
to those in the first row) and reflecting boundary conditions on the columns
[i.e., a walker on a site in the first or mth column can jump to a nearest
neighboring site in the same column or to the nearest neighbor site in the
second or (m — 1)th column]. In the limit g, m — oo, which we shall take at
the end of the calculation, the boundary conditions chosen are unimportant.

An arrangement of connections is specified by the set of variables
{X:, Xa,..., Xm}, Where

@.1)

1 if ith column is strongly connected
X, = Xjpjm = . i
BT 0 if ith column is weakly connected

The singly periodic arrangement corresponds to the choices x; = 1, x, =

Xg==X=0, %01 = 1, Xpy2 ==X, = 0,00, Xy = 1, Xp_py1 =
= X,_, =0, x, = 1. In the multiply periodic arrangement x; = x; =+
=X =1, X0 == X =0, Xgyp1 == Xgewnyr = Loy Xnor = X744

==X, = 1.21In the limit m — oo the density of strong connectlons in both

of these arrangements is «.
As in A, we begin with the equation for the probability P,(/,|/,) that
the walker is at site / after » steps, given that she was initially at /,,

P(l)ly) = z PuPr-1(I'|o) 4.2

2 We choose m so that m — 1 is a multiple of & in the singly periodic case and so that
m — r is a multiple of kr in the clumped periodic case.
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where the stepping probabilities p,,. are given by
pwr =0 if / and /" are not nearest neighbors

Piie1 = (p1 — ex,.;)  provided / + 1is not
in the first or mth column

Piiem = (P2 + X)) provided / is not
in the first or mth column 4.3)

Div1g = (2p1 — 2exy) if / is in the first column
D1 = (2p1 — 2exp) if / is in the mth column
Diisim = (P2 + € if /is in the first or mth column
In matrix form we can write (4.2) as
P.(l) = TP, _:(ly) 4.9

where the transition probability matrix T has elements p, . Because of the
periodic boundary conditions in the vertical direction, T is a ¢ x g cyclic
matrix whose elements are m x m matrices U and V:

UV OO~ 00V
VUVO -~ 000

T=|: @ : @ .« @ : (4.5)
0000 VUV
V. 0O 00 0 VU

The matrix U represents walks within a given row, while V corresponds to
walks along the columns. The specific form of these matrices depends on the
arrangement of strong and weak columns, so that we will consider each case
separately later in this section.

The generating function G, (z; ¢, m) for the walker to return to the
origin /, is defined by

Gz m) = > Palllioe” 6

This generating function is for walks that begin and end at the particular site
l,. This initial value problem is quite difficult to solve. We shall instead
perform an average over initial positions. Such an averaged generating
function is not only simpler to evaluate, but indeed corresponds to the
physical situation in experiments where the initial position of the walker can
be anywhere in the system. In any case one expects the asymptotic behavior
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of the walk to be independent of the particular initial site used. Averaging
(4.6) over the uniform distribution Py(ly) = 1/N, where N = gm, yields

G(z; g, m) = (1/N) lZ Goio(2;5 g, M)
) [(1/N> > (Tn),ozo]zﬂ
am’y { Z [(zT)ﬂ],olo}

= (1/N) > [(Iy — 2T1)" ]y,  provided |z < 1
s

= (I/N) Tr(Iy — zZT)~*

= (1/Nz)(d/dz=1) Tr log(z~ Iy — T)

= (W/N)(d[dw) log det(wly — T) 4.7
where w = z~* and where I is the N x N identity matrix. This generating
function can therefore be expressed in terms of a determinant, a representa-
tion which we will find particularly well suited for a variety of applications.
This representation is similar to the one for the lattice Green’s function in
studies of vibrations of harmonic lattices.®

The cyclic nature of T allows one to reduce the order of the determinant

in (4.7). Szegd’s theorem for Toeplitz determinants® gives

il

1

i

2n
lim(1/q) log det(wl,,, — T) = Lr f log det [wL,, —A(©)] 40
g—w 0
where
AMO)=U+2Vcos 0 (4.8)
Using (4.7) and (4.8), we obtain

lim G(z; q,m) = G(z; m) = f log det D,,(w, ®; {x;}) dO (4.9)

2 m " dw
where D,, is
D,(w, ©; {x;}) = wl, — A(O) (4.10)
The matrices U and V whose elements are the transition probabilities
are given by

[ 0 (p1 — ex3) ]
2(py — exy) 0 (P1 — ex3) O
(p1 - exz) 0
(p1 — ex3) .
Q (P1 — eXm_1)
0 2(p; — €xp)
L (p1 — €Xp_1) 0 R

(4.11a)
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P2 + €Xm -1

P2 + exy
Py + €Xg
V = Q e (4.11b)

p2+€xm
From Egs. (4.8), (4.10), and (4.11), we obtain

’w—2(p2+ex1)c —(p1—€X2) Q
1=2(p;+ex;) w—2(py+exy)c
det D, = —(p1—ex3)
Q —2(py—exy)
—(p1—€Xp_1) W—2pa+texy)c

(4.12)
where ¢ = cos G.

Any further reduction of det D,, and hence of G(z; m) depends on the
specific form of A(®), i.e., on the distribution of strong and weak columns.
In what follows, we discuss the singly and clumped periodic distribution of
strong columns separately.

4.1. Singly Periodic Distribution of Strong Columns

As mentioned earlier, the singly periodic distribution of strong columns
corresponds to the choice x; = 1, Xy ==X, = 0, X401 = 1,0, Xpp_os1 =
o= X,_1 =0, x, = 1. With this choice, det D, can be evaluated by a
straightforward but tedious method detailed in Appendix C. Using (4.9), we
show in Appendix C that

G(z) = lim G(z;m) = B(z) - ¥(2) In(l — 2) (4.13)

where ¥(z) and @(z) are regular functions of z at z = 1. The function ¥(z)
is given by

_ 1 [pilps + e2/2(p;, — &)]] ~1/2
Y(z) = Z;{ M+ oclip — IF } [1+ 001 - 2)] (4.14)

The probability P, of return to the origin in 2n steps (note that it is
impossible to return to the origin in an odd number of steps) averaged over
Initial sites is the coefficient of z2® in an expansion of ¥(z) In(1 — z) in powers
of z. Using Darboux’s theorem® and treating the logarithmic singularity as
the limiting case of an algebraic one, we obtain

Poy ~ 5= W(1) + 0(;15) (4.15)
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where W'(1) is given by Eq. (4.14) evaluated at z = 1. We note that when
p2 =0, p; =%, and € = 4, ¥(1) reduces to the result in (4.9) of A. We also
show there that the asymptotic formula Py, ~ ¥(1)/2n is remarkably accurate
even for small » when k is small, i.e., the asymptotic result is valid once the
walker has sampled the structure of the lattice.

The asymptotic probability of return to the origin in 2x steps in an
anisotropic, translationally invariant lattice with transition probabilities p,’
and p,’ in the x and y directions is®

1 1 1
Pon ~ 30 Ty T 0(,7) (4.16)
If we use Eqs. (3.11a) and (3.11b) for the relations between the stepping
probabilities p,” for an anisotropic, translationally invariant lattice and the
p; Tor our lattice, then Eq. (4.15) becomes identical with (4.16). This is an
important result, since we have now been able to make the same identification
for such different properties as the components of the mean square displace-
ment and the probability of return to the origin. Since we found in Section 3
that the components of the mean square displacement are independent of the
arrangement of strong columns, the above result strengthens the conjecture
made in B that the leading term in (4.15) is also independent of the arrange-
ment of strong columns and is completely determined by their density.
The average number S, of distinct sites visited in an n-step walk has the
generating function®

R(z) = i S,z" 4.17)

which is simply related to G(z) of Eq. (4.13) by
R(z) = [(1 — 2)2G(z)]* (4.18)

For small values of #n and k, Eq. (4.18) can be used in conjunction with Eq.
(4.13) to find exact values of S,. The generating function R(z) is regular
inside the unit circle and has branch point singularities at z = + 1. Expansions
about these singularities are analogous to that given in Eq. (4.13). Asymptotic
expansions for S, can be obtained from Darboux’s theorem; the leading order
term in this expansion can alternatively be derived from the Hardy-Little-
wood-Karamata Tauberian theorem. Following the prescription set out by
Montroll and Weiss,® we find

S, ~ du(p,/ps Y *nfln n 4.19)

with p;" and p,’ given in (3.4). Once again we can thus make the same
identification made earlier between the singly periodic and the translationally
invariant anisotropic lattices.
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4.2. Clumped Periodic Distribution of Strong Columns

In Appendix C we present in detail the calculation of the generating
function G(z) for the clumped periodic lattice. The main difference between
this calculation and the one for the singly periodic case lies in the more
complicated determinant det D, that occurs in the former. In Appendix C
we carry out the detailed evaluation of the generating function only for the
case p; = 4, p; = 0, and € = 1. We find that in this case G(z) is given by
Eq. (4.13) with (4.14), i.e., we have proved that for this choice of p;, p,, and ¢
the properties P,, and S, for the clumped periodic lattice are identical to
those of the singly periodic lattice with the same density of strong columns.
The more general case of arbitrary p;, p,, and « can be dealt with in an
analogous manner.

5. OCCUPATION THEOREM

We conclude this paper by presenting an argument based on the theory
of Markov chains that helps to explain the independence of the mean square
displacement of the random walker on the details of the arrangement of
strong and weak columns. This argument also provides a basis for the con-
jecture made in B that the other random walk properties that we have
considered are also independent of the detailed arrangement for random as
well as periodic arrangements for a given density «.

Consider the defining equation (3.2) in the asymptotic (rn — c0) limit.
In this limit P,({]/,) becomes independent of n, so that we write

P(l|lo) = D a(l, INP{'|ko) (.1

7

where P(I|l,) is the conditional probability of being at site / in the limit # — co.
It is a straightforward matter to show that Eq. (5.1) is satisfied for any possible
arrangement of columns by making the reasonable assumption that P(/|/,)
can only take on two values, depending on whether site / lies on a strong or
weak vertical column. Let P(/|l,) = A when [ lies on a strong column and let
P(l|l;) = B when [ lies on a weak column. If site / lies on a strong column,
then, depending on the arrangement of columns, one of the four situations
depicted in Fig. 5 results. We use the stepping probabilities shown in Fig. 1,
i.e., from a lattice point lying on a weak column the walker can step with
probability p, to either nearest neighbor in the horizontal direction and with
probability p, to each vertical neighbor, with 2p, + 2p, = 1. From a lattice
point lying on a strong column, the nearest neighbor transition probabilities
are p; — < and p, + ¢ in the horizontal and vertical directions, respectively.
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¢ d

Fig. 5. Possible arrangements of columns around a lattice point / on a strong column.
Site [ is indicated by a circle and its nearest neighbors are indicated by a x.

Equation (5.1) then reduces to the identity 4 = A4 for Fig. 5a and to the
relation
P

A P B 5.2
for Figs. 5b-5d. Relation (5.2) is in fact just the detailed balance condition
for the random walk on the rows. If lattice site / lies on a weak column, then
again four configurations are possible. One of these yields the identity B = B
and the other three yield (5.2). Note that 4 > Bife > 0, i.c., sites on strong
columns have a higher asymptotic probability of occupation than those on
weak columns. To obtain explicit values for 4 and B we use the normalization
condition

NA + Nk -1DB=1 (5.3)
where Nk is the total number of lattice sites. Equations (5.2) and (5.3) give
1
A_Np1—€+oc€ -4)
and
_ _1_ “p, — €
B—Npl—e—l—ae G-3)

These results correspond precisely to those obtained in Eq. (A25) of Appendix
A. Thus we have proved that the asymptotic probability of occupation of a
site for a given density of strong columns depends only on whether that site
is on a strong or weak column and not on the nature of the arrangement of
the columns. This is a crucial result that was used in Section 3 [cf. Egs. (A21)-
(A26)] to prove the independence of the mean square displacement from the
arrangement of columns.
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It should be noted that the results (5.4) and (5.5) for the occupancy
probabilities of sites on strong and weak columns are in complete agreement
with the results obtained in B for the corresponding probabilities P(i) and
Py(n). If we set p; = % and ¢ = 1, then Egs. (5.4) and (5.5) reduce to Egs.
(36) and (37) of B. The results presented in this paper on occupation probabilities
thus validate the conjecture (4) of B on the relation between the ratio of steps
along the rows and columns to the ratio of the number of bonds (in irreducible
lattice fragments) along the rows and columns.

The results of this paper on the mean square displacements and on
occupation probabilities could, with sufficient tedious analysis, be extended
to the three-dimensional lattices considered in B.

APPENDIX A

The equation that describes a random walker on a periodically disordered

lattice is
k

Plbyld = 5 > poll = DPusll’s ¥ 170) (A1)

y'=11=-0w

Here P,(/, y|yo) is the probability that the walker is at the yth site (y =
1, 2,..., k) of the /th unit cell (—oo < / < o0) after # steps, having started at
site y, of the zeroth unit cell, and p,,(/ — /') is the probability of stepping
from site y’ in unit cell I’ to site y in unit cell / in one step. We wish to
evaluate .

= > >k + (& = v)IPPul, vlvo) (A2)

y=1 1=~

In terms of the partial moments B{}) (n), where

B (n) = PP(1, ylyo) (A3)
i @©

we have . . .
a2y = k2 B@(n) + 2k > (y — vo)BL)(n) + >y =) BU(n) (A4
y=1 ¥y=1 y=1

It is also convenient to define the single-step partial moments A%):

A%” = Z ljpw’(l) (AS)
I=—w

On multiply Eq. (A1) by I’ [expressing las (I — I") + I'] and summing over
! by changing summations over / and !’ on the right-hand side to sums over
I”and / — I, we find a set of difference equations:

BO(n) = AOBO(n — 1)
B(l)(n) —_ A(l)B(O)(n - 1) + A(O)B(l)(n — 1) (A6)
B@(n) = APBO(n — 1) + 2AVBO(n — 1) + APB(n — 1)
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where BP(n) = (BYA(n)), A? = (4%). Because of the sum rule
k
yz:l i
A© js a stochastic matrix with column sums = 1. Also, since Pqy(y, [|v,) =

8108,y,» We have BO(0) = I, B®(0) = B®(0) = 0. To proceed, generating
functions are introduced:

S pelh=1 (a7

X@) = 3 ude (A8
and
Ge) = > B (A9)

From Eq. (A4) we have

ic

X@) = k* 3 GR(2) + 2k i (v — v0)Gin(2) + Zk (v = 70)’Gi(2) (AlD)

y=1

On multiplying Eq. (A6) by z", summing over # from 0 to o, and solving
successively for G'9(z), GY(z), and G?(z), we find
GOz) = [I — zA@]!
GP(z) = zGO(2)APG(z) (AlD)
G(2)(z) — ZG(O)(Z)A(Z)G(O)(Z) + 222G(0)(Z)A(1)G(0)(Z)A(1)G(0)(Z)
Without loss of generality, & can be chosen to be odd and unit cells taken
with defect sites at the middle of the cells [y = (k + 1)/2].

Up to this point the calculation has proceeded identically as in A, and

has been reproduced here for the sake of completeness. The matrices A that
we consider here are generalizations of those in A and are given by

[2p, P - : : : -0 pi]
P 2ps . . . .0 0
0 0 2p; p1— € 0 :
A= [0 O Pr 202+ 2 py - - >k + D)2
0 0 0 pi—e¢ 2pp - -
0 0 2ps  p1
L 71 0 P 2pa] (Al2a)

0
*k + D)2
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y41 J4t

—P: P
Substituting (A12) in (Al1) and (A1l) in (A10), we obtain

X(z) = “’1 T2 (GO, + G + 22,(GY — G

+ 2kzp, E v = vo)(GYGiy, — GRGE) + z (v = 7)*G, (Al3)

In deriving this equation we have used the results G = G¥ and G = G.
These are special cases of the relationship G})) = Gkﬂ nk+1—75, Which

follows from the symmetry of the walk:
Plyylve) = Pu(=Lk + 1 —ylk + 1 — ) (A14)

G(z) can be interpreted as the generating function for random walks on a
k-ring, the transition probability matrix of the walk being A, Now we make
the decomposition

A® — AOD L A (A15)
where
[2p P2 O - - py
pr 2p pr - - O
ACn = | . S . (Al6a)
0o 0 0 - 29, py
| 7 0 0 - p 2p
( —€
A= Q 2e Q } ~—(k + D)2 (A16b)
| —€
)
*k + 1))2

A®-? is the transition probability matrix for walks on the perfect k-ring; A
is a defect matrix with only three nonzero elements. It is a simple exercise
to derive an expression for G‘(z) in terms of the Green’s function U?(z),

where®
UB(z) = [I — zA©®-»]~! (A1T)

U%(z) is the generating function for walks on a perfect k-ring with matrix
elements given by

Up(2) =

1 xlv =7 4 xR-lv=v1
([ = 2zp,)* — 2zp)°]'"* I — x*

} (A18)
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where

1 — 2zp, — [(1 — 22zp;)® — (2zp,)?]*?

*= 2zp,

(A19)

The generating function G'9(z) for the defective lattice can be determined
from the perfect lattice generating function UF(z) using the defect tech-
nique.® The result is

0) R (0 R R R
Gg’)’) - UYY' + GZG(IC)+1)I2.7’[2UY,(R+1)/2 - v +3j2 T Uv,(k—l)/2] (Azoa)

where

UE
(0) (k+1)/2,y
C@vnr = T2 2UF, ~ UF,2) (A200)

Since A® is stochastic, it has a nondegenerate maximum eigenvalue of
unity and it follows from Eq. (Al) that G9(z) is a regular function of z
except for a finite number of poles, the closest to the origin being a simple one
at z = 1. It then follows from Eq. (A13) and Darboux’s theorem that

{x,2> ~Cn+ D as n— 00 (A21)

where C is the coefficient of 1/(1 — 2)? in X(z), while D is equal to C plus
the coefficient of 1/(1 — z) in X{(z). Thus

C = K%y lim [(1 - 2)(Gig, + GHYI + lim 2p:(G ~ GiP)]
+ 2kp, Z & = yollim[(1 — HGPTIm[(1 — )Gy,
— lim[(1 — 2GR im[(1 — 2)GT.] (A22)
z2=1 F2ed
In order to evaluate this expression, we use the following expansions:

2)1/2

UE(z) ~ {k(l - z)[l + (—1—;—%,2—— a - 2piYH + o — z)]}”1 (A23a)

and
“”(Z) 1] Zn(n — k) + Ol — 2 (A23b)
Ui(2) D1

from which we find
im[(1 — 2UR, . 4(2)] = 1]k (A24a)
21

m [U7y+(2) — UpfD)] = —nlk — m)/2kp, (A24b)
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Then from Eq. (A20)
Im(GY — G¥) = lim(UE, — UR) = —(k — 1)/2kp, (A25a)
21 z—1

. 1 p,— e . k41
_ o) = -~ P17 € -
EB} [(1 — 2GN9 I r— provided y # 5 (A25b)
lim[(l1 — 2)G ] = I p» (A25¢)
21 G+ Di2.y kp,— e+ ae

Finally, on substituting Egs. (A24) and (A25) into Eq. (A22), we find

_ 2p,
C = el =9 (A26)

which yields Eq. (3.9a). Equation (3.9b) then follows directly from (3.1).

APPENDIX B

To evaluate the matrix elements Gy, (z) occurring in Eq. (3.23) we
consider a finite ring of Nk sites with N strong partial traps distributed
randomly among N(k — 1) weak partial traps. The density of strong partial
traps is thus 1/k independent of the number of lattice sites in the ring. At the
end of the calculation we will take the limit N — co. We consider the equation

Nk Nk

gu(2) = UR(@ +z > > UM, 1)gmy(2) (B1)

=1 17=1

where ¢(/, I") is defined in Eq. (3.13b) and UZ(2) is the perfect Nk-ring

generating function [cf. Eq. (A17) with k everywhere replaced by Nk]. Equa-
tion (B1) defines the matrix g(z) and in the limit N — oo we have

1\112130 8uy(z) = Gy,(2) (B2)

Now consider Eq. (BI) at the strong partial trap sites {/;}. Successively setting
! equal to the /; yields the following set of N simultaneous algebraic equations
in the N unknowns g;,(2):

A8ty + A8y + o+ A8, = U,
A 8o + Ay + 0+ A8, = UL,

: : : (B3)
AlNhglxlo + A1N1281210 + et AzNzNgtho = Uz‘?vzo
where
Ay, =1 = 22e(Ug® — UP) (Bda)
Az,z,— = 5(2Uz?l, - szf,zj,ljﬂ - Uz?,zj_l)a i#] (B4b)

Uk = UE, Ul = Ul (B4c)



540 V. Seshadri, Katja Lindenberg, and Kurt E. Shuler

Equation (B3) can be solved by the method of determinants. For example,
consider the solution for g, ,,:

R -1
U1110 A1112 AlllN A1111 AzllN

A At o) : (85)

Uy

glllo = .2 °
R

UlNlo Alle AlNlN AlNll A

Inln

It is convenient for the following calculations to divide each element in (B5)
by U," and thus to rewrite g, ;, in the form

81,1, = |Num|/|Den| (B6)
where
U, Au, Al
Num| = | T e A (B7a)
Unle Ay = Ay
Ay Ay
|Den| = | (B7b)
vtz Aty
and where
Uig, = UR /U (B8a)
Ay, = Ay, /U (B8b)

As discussed in the text and in Appendix A, for our purposes it is
sufficient to evaluate the g;,; tu O(1 — z)~* when we consider an expansion
in powers of (1 — z). From Eq. (A22b) we have

, L(Nk - [,
W =1 - —l‘(—za—) A+ O(A?) (B9)
where
A=(1l -2 (B10)
Hence

1

Ay = ANk(l - ;—Z) + —;—ZA + O(A?) = aA + O(A%)  (Blla)
1

’ Z . .
', = ;71 A+ O(A%) = bA + O(A?), [#]j (B11b)
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Using (B9) and (B11) in (B7), we obtain

1 b b b
1 a b b
|Num| b

It
- L

a b - BbAY"! 4 O(AY)

1 b b b - a
= (a — b 1AV 4+ O(AY) (B12)
For the denominator of (B6) as given in (B7b) we obtain

a b b - b
Den] = |2 @ B Biawy oavey)

b b b - a

=(a — b)¥ Ha + (N — DbJAY + O(AV+Y) (B13)
Therefore, substituting (B12) and (B13) into (B6), we obtain
B = [Nk(l - f—Z) + Nizrzrl + O(A% (B14)
P1 D

where we have used the definitions of @ and b given in (B11).

To construct the sum of generating functions that occurs on the right-
hand side of Eq. (3.23), we note that the leading term in (B14) is independent
of [;. Hence we have

Zgljlg = Nglllo
I
and using Eq. (B2), we obtain

= lim N k(1 - )+ F7 A1 £ oA (BIS
z Gz]-zo = Nlm gy = - p— + — + O(A%) ( )
7 o 1 y41

which is the result given in Eq. (3.24).

APPENDIX C

C1. Singly Periodic Distribution of Strong Columns

Expansion of the determinant of D,, given in Eq. (4.12) about its bottom
row leads to the recurrence relation

det D, = [w — 2(ps + €)c] det B,y — [p1(2p1 — 2¢)] det E,,_ (Cl)
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where det E,,_, and det E,, _, are determinants obtained by deleting one and
two rows and columns from D,,, respectively. As mentioned in Section 4,
(m — 1) is a multiple r of k. Let Ef-/* be the determinant obtained by deleting
kjs + j, rows and columns from E,_,, where 0 < j, < k — 1 and 0 <
jo < r — 1.Thus,e.g., det E,_, = E/ Becausedet E,, _; is a continuant, it is
possible to develop a recurrence relation between Ej: and Ej:**. Using this
recurrence relation, it can be shown® that E,’ satisfies a second-order linear
difference equation with the solution

E} = A\ + By (C2)

where A, , are the roots of the quadratic equation P,(A) = 0 and
Pr(d) =

1 —(w—2pac) pi® o . . - 0

0 1 —(w—2py0) p2 - - . 0

. . . .0

’ 1 —(w—2pac) pi?

Pi(p1—e) : : . -0 A — A(w—2pzc)
—~(W—2psc—2¢c)  pi(pi—e) . . -0 0 A

(C3)

The coeflicients 4; and B, can be found from det E; and det E,, but we will
not need to know their values for our calculation, as will become clear below.
By systematic expansion of the determinant (C3) and use of the Chebyshev
polynomials (Ref. 10, p. 183) U,(A) defined by

221 0 0
1 22 1 0
0 1 2x 1
um=\|. . . . ()]
o - - - - 1 2x 1
o - - - - 0 1 2
it can be shown that
P) = 22 — Xi(w, X + pF*%(p1 — € = 0 (C35)
where
Xew, ©) = pi*Uy + Qep§i™t — piYUy_z — 2ecptf~ Uy 4 (C6)
and

U, = U(‘i:i) )
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The two roots of Eq. (C5) are given by
As = 3 X (w, ©) £ HX*(w, ¢) — 4pT A (p, — 12 (C8)
Hence from Egs. (C1), (C2), and (C8) we obtain
detD,, = [w — 2(ps + &)cl(A A + BrAs) — [2(p1 — Op (A1 A" + Bi_1A9)
= {ilw — 2ps + Oc] — Ai_1[2(p1 — I TS

+ 0[(%)] Mo A (C9)

In the limit m — o, i.e., r — c0,

(log det D,,)/m — log A, (C10)
Taking the limit m - oo of (A9) and using (C10), we obtain the result
G(z) = ”ltl_l}go G(z; m)

w f 8X,|ow

&, G w = o

_w ff% de do’

Tkl )y 0w X — 205 W(py — e cos O

= _‘/tiff f Q..X_kexp{——‘t[Xk — 2plf“1(p1 — E) cos ®/]} d@ d@’ dt
k‘IT o Yo 0 8W

(C11)

with X, = X, (w, ¢) of Eq. (C6). Using the following integral representation
of the Bessel function I(x) of imaginary argument (Ref. 10, p. 14)

() = % f cos(j@) eX°3© 4 (C12)

0

we obtain
G(z) = = nfw OXs g-txe] (2pt=2(py — €)) di dO (C13)
k?T o Jo aw 0 1 1 1

The ©, integral is evaluated by Laplace’s? method. Thus (C13) reduces to

W oX,
kw J, ow

G(z) =

— 1/2
®1=°[2[(32Xk/a®12)|@1=0]
x [exp(—tXi|e, =) lo(2tpf ™ (p1 — €)) dt (C14)
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It can easily be shown by using the relations between the derivatives of
Chebyshev polynomials (Ref. 10, p. 183) and (C6) that

Xk[®1=0 = p,*U (W) + PE712e — p)Us_o(W') — 2€p’f‘1Uk_l(w') (Cl5a)

22X, iy _ , ’
- = popi UL (W) + papi~?(2e — p)Ui_s(W)
@@1 @)1:0
+ 2epi T U, 1(W) — 2epT%po Uy 1(w') (C15b)
Xl L) + Qeptt = pUL o) — 20pE UL (W)
ow 9,=0 2]71 ' ot
(C150)

where w' = (w — 2p5){2p; and U,'(x) = (d[dx)U,(x).

We now proceed to examine the singularities of G(z) with respect to z.
The integral in (C14) can be split into two parts as follows:

G = f o f " ey di (C16)

Here f(¢) denotes the integrand in (C14) and T is an arbitrarily large but
finite positive number. The first integral is an analytic function of z = w™1.
The second integral diverges at z = 1 and gives the logarithmic divergence
often encountered in two-dimensional lattice problems. To show this, we
substitute in the second integral in (C16) the following asymptotic expansion
for the Bessel functions I,(x) (Ref. 10, p. 86):

L(x) = Qux)~*2e*[1 — 4% — 1)/8x + O(1/x?)] (C17)
This yields

6() = [ S0 ds + Stk ps, >{f PP (s = 9 = oyl

T t
1 1
< [1 e 0(;‘2)] dt} (C18)
where
&x, ~ua oX,
Stp 9 = e | -2 55|, - G| o)

Inserting the explicit expression for Xy{e, -, from (C6) gives

G) = fo f(6) dt + Sk, pa, ©)

x {Lw e [1 + Stp,f_l(lpl —+ 0(:—2)] dt} (C20)
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where
C = (t/T)3p" ?[p1(2k + 1) — 2&k](1 — 2)} (C21)
We define the first integral in (C20) as ®(z), which is a regular function of z
at z = 1 as pointed out earlier. Defining the functions ’
$ulx) = f t-me=at gy (C22)
1
we then have

1 1
TR ¢(7C) + - 23
G =g BT+ (C23)

The functions ¢,(x) are simply related to the incomplete gamma func-
tions. They have a branch point singularity at x = 0 and it can be shown that

6 = 02 + Sth.ps, e)[qsl(m n

@ (_l)jxf (_I)m—lxm—l (_l)m -
(C24)
Thus
$1(TC) ~ —1og(TC) ~ —log(1 — z) (C25a)
and

$u(TC) ~ —(TCY**10g TC ~ —(1 — z)*log(l — z)  (C25b)

As z— 1, the dominant contribution therefore results from ¢,(7C) and is
equal to —log(l — 2).

We now evaluate S(k, p,,¢) in powers of (I — z). Expanding the
derivatives of the Chebyshev polynomials in (C15) in powers of (1 — 2),
we obtain

2

3 = kpi?lk(py — ) + €] + O(1 - 2) (C26a)
W le =0

621Yv7<: . k—-2 kpl . 1 i k

30,2 0,0 = KPT\ g TPl —p) +e—5—) + O - z)  (C26b)

Substituting (C26) in (C19) gives
_ 1 {pilps + o€/2(p, — ]| -2
Sk, p, ) = E{ 0 acl(p. ~ OF } + 01 -2 (C27)

Combining Eqgs. {C23), (C25), and (C27), we obtain the result quoted in
Eqgs. (4.13) and (4.14).

C2. Clumped Periodic Distribution of Strong Columns

As mentioned in the text, the clumped periodic distribution of strong
columns corresponds to the choices x; = xo = =X, =1, X,y ==
Xer =0, Xpryg == Xger1r = L, Xpp = Xp_ye1 ==X, = 1. Sub-
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stituting these values into Eq. (4.12), it is possible to evaluate the generating
function G(z) explicitly for arbitrary values of p;, p,, and e. For algebraic
simplicity we only consider the case p; = %, p, = 0, and € = . Proceeding
as in the singly periodic case, we find that the polynomial P,() of Eq. (C3)
is here replaced by

Py (Y) =
rik ~ 1)
v
1 -w } <
0 N R
. . .A. : . . PR . .
1 -w! % o . . . k-1 —1
U i—w—t0 7 S
o e
:' S~ e
% 0 ! -0 A —(w—1%e)A
—w—3c) % H - 0 0 A
(C28)
Using Eq. (C4) and certain properties of continuants,*® one can show that
P (D) = 2% — AXp,(w) + 273k+Dr = 0 (C29)
where

Xkr(w) 2(k+1)r {[Urk T(W)UT 2(2W - C) rk -1 - 1(W)Ur 3(2W - C)]

+ 202w — O[Upeer 1MW, —o(2w — ¢) — Uy - o(W)U, _32w — )]
— [Une—r - 1)U, a(2W = €) = Upmr—o(W)U;—42w — )]

— 402w — P[Ue— (WU, _ow — ¢) — U - (WU, 52w — )]

+ 202w — NUpe-WU; 52w — ¢) = Uneorca(WU; 2w — )]}

(C30)
Proceeding as before, we obtain

w [T (0Xy,/ow) dO
G(Z) }iﬂ;lj krm [X,?T _k4/22(k+1)i]1/2

(C31)

which can be transformed into

G(z) = lim 2 f f X 3Xm(w) IO(Z(M),) do,dt  (C32)
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Once again we can use the Laplace method to evaluate the ©, integration,
with the result

_ W anT T 1/2
G(2) Tlil?o kre ow e -0[2 X, [00 2 @’1-0}
® e-tuw
X A \/; 10(2(}c+1)r) dt (C33)

The integral in (C33) can be split into two parts, in a manner similar to Eq.
(C16). The first part is a finite integral of the integrand in (C33) from zero to
a large but finite value 7" of the variable ¢. This part is an analytic function of
z as z — 1 and will be denoted by ®(z). The second part is an integral from
T to infinity of the integrand. Proceeding as in Eqs. (C17)—(C25), it is straight-
forward to show that the second part has a logarithmic singularity as z — 1.
Thus we write

G(z) = O(z) — ¥(2) In(l — 2) (C34)
where
w 09X st O Xy Tz
Y = Im 2o = @lzo[z 20,2 |o, -0 (€33)

The explicit forms for the derivatives of X, occurring in (C35) are

Xy, _ kr?
'8—61—2‘ 0,=0 = eI + O(1 — 2) (C36a)
0 Xser _ 2k(k + 1)r?
Tw |o,c0 = 2 T 00 - z) (C36b)
Combining Eqs. {C35) and (C36), we obtain
¥(z) = kj_l [1+ Ol — 2)] (C37)

which is identical to the result (4.14) if we set p; = &, p, = 0, and ¢ = 1.
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